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A TECHNIQUE FOR IDENTIFYING PILOT  DESCRIBING 

FUNCTIONS FROM ROUTINE FLIGHT-TEST  RECORDS 

By Rodney C.  Wingrove  and Frederick G.  Edwards 

Ames Resesrch Center 

SUMMARY 

Previous  s tudies   have shown t h a t   t h e  dynamic r e sponse   o f   t he   p i lo t   can   be  
represented  by a l inear element  (describing  function)  and a remnant term 
(output   no ise) .  The previous work a l s o   h a s   i n d i c a t e d   t h a t   t h e r e  i s  an e r r o r  
i n   i d e n t i f y i n g   t h e   p i l o t   d e s c r i b i n g   f u n c t i o n  from rou t ine   t r ack ing   t a sk  
r eco rds   because   t he   ou tpu t   no i se   o f   t he   p i lo t   t r ans fe r s   t h rough   t he   con t ro l  
loop,   producing  an  undesired  correlat ion  with  his   input   s ignal .   This   report  
shows t h a t   t h i s   c o r r e l a t i o n ,  and t h u s   t h e   i d e n t i f i c a t i o n   e r r o r ,   c a n   b e  
reduced   by   sh i f t ing   the   input   s igna l   dur ing   the   computer   p rocess ing   an  amount 
e q u i v a l e n t   t o   t h e   e f f e c t i v e  time de iay   o f   t he   p i lo t .   Th i s   r epor t   i nc ludes  a 
t h e o r e t i c a l   a n a l y s i s  of  t h i s   t e c h n i q u e  and  examples t o   i l l u s t r a t e  i t s  
app l i ca t ion .  

The t h e o r e t i c a l   a n a l y s i s   c o n s i d e r s   t h e  fact  t h a t   t h e  computer  processing 
is  cons t r a ined   t o   i den t i fy   on ly   phys i ca l ly   r ea l i zab le   sys t ems .  With t h i s  con- 
s t r a i n t ,  it i s  shown t h a t   t h e   e r r o r   i n   i d e n t i f y i n g   t h e   p i l o t   d e s c r i b i n g   f u n c -  
t i o n  depends on t h e   s p e c t r u m   o f   t h e   p i l o t ' s   o u t p u t   n o i s e ;   t h e   i d e n t i f i c a t i o n  
e r r o r  can  be made small i f  t h e   n o i s e  i s  nea r   "wh i t e "   i n   r e l a t ion   t o   t he  sum 
of  a l l  e f f e c t i v e  time de lays   t h rough   t he   con t ro l   l oop   (p i lo t   p lus   con t ro l l ed  
e l emen t ) .   Th i s   r e su l t  i s  s ign i f i can t   because ,  i f  these   condi t ions   a re   met ,  
it i s  p o s s i b l e   t o   i d e n t i f y   t h e   d e s c r i b i n g   f u n c t i o n  of t h e   p i l o t   i n  a feedback 
system  that  i s  exc i t ed   on ly   by   h i s   ou tpu t   no i se .  

The i d e n t i f i c a t i o n  of s e v e r a l   s i m u l a t e d   p i l o t  models i s  i n c l u d e d   i n   t h i s  
s t u d y   t o   i l l u s t r a t e   t h i s   t e c h n i q u e .   A l s o ,   r e p r e s e n t a t i v e   d a t a  from t h e   r e t r o -  
f i r e   p h a s e   o f   t h e  Gemini X f l ight   have  been  analyzed  and are p r e s e n t e d   t o  
d e m o n s t r a t e   t h e   s u c c e s s f u l   a p p l i c a t i o n   o f   t h i s   t e c h n i q u e   w i t h   r o u t i n e  
spacec ra f t   ope ra t ing   r eco rds .  

INTRODUCTION 

This   repor t   cons iders   the   p roblem of iden t i fy ing   t he   i npu t -ou tpu t  re la-  
t i o n s h i p  of the   p i lo t   by   use   o f   measured   da ta   f rom  rout ine   f l igh t   opera t ions  
i n  which the   p i lo t   p rov ides   f eedback   con t ro l .  The  problem i n   u s i n g   t h e  mea- 
sured   input   and   ou tput   da ta   d i rec t ly  i s  t h a t  any  extraneous  output   noise   by 
t h e   p i l o t   c a u s e s  an e r r o r   i n   i d e n t i f i c a t i o n .   T h i s   p r o b l e m  is s o l v e d   i n   t h i s  
report   by  the  development  of a computer   processing  technique  that ,   under   cer-  
t a i n   c o n d i t i o n s ,   y i e l d s  an estimate r e l a t i v e l y  free from i d e n t i f i c a t i o n   e r r o r .  



Since   t he   i den t i f i ca t ion   o f   f eedback   con t ro l   sys t ems  i s  important i n  many 
f i e lds ,   t he   t echn ique   has   w ide   s ign i f i cance  and a p p l i c a b i l i t y .  

The i n p u t - o u t p u t   c h a r a c t e r i s t i c   o f  a p i l o t  must be  regarded as random, 
nonlinear,   and  dependent on t h e   t a s k   h e  i s  t o  perform. Many p rev ious   s tud ie s  
have shown t h a t   t h i s  type of   response   can   be   represented   appropr ia te ly   wi th  a 
quas i - l inear   sys tem modeled  by a l inear   e lement   (descr ib ing   func t ion)   and  a 
remnant  term  (output  noise).  The p i lo t   descr ib ing   func t ions   usua l ly   have   been  
i d e n t i f i e d  from records  obtained  in   ground-based  s imulators   ( ref .  1) and 
f l i g h t   t e s t s   ( r e f .  2)  where in   ca re fu l ly   con t ro l l ed   ex te rna l   fo rc ing   func t ions  
a r e   u s e d   t o   e x c i t e   t h e   p i l o t - v e h i c l e   s y s t e m .  The p i l o t   d e s c r i b i n g   f u n c t i o n s  
are measured  by  comparing t h e   i n p u t   a n d   o u t p u t   s i g n a l s   o f   t h e   p i l o t   w i t h   t h e  
known fo rc ing   func t ion .   Th i s  method minimizes t h o s e   e r r o r s   i n   i d e n t i f i c a t i o n  
due t o  a n y   c o r r e l a t i o n   o f   t h e   i n p u t   s i g n a l   w i t h   t h e   p i l o t ' s   o u t p u t   n o i s e .  
Reference 3 conta ins  a good r ev iew  o f   t h i s   p rev ious  work and summarizes t h e  
measured p i l o t   d e s c r i b i n g   f u n c t i o n s .  

Most o t h e r  methods f o r   m e a s u r i n g   p i l o t   d e s c r i b i n g   f u n c t i o n s  depend on 
random dis turbances  (e .   g . ,   aerodynamic  turbulence,   propuls ive  dis turbance,  
e t c . )   t o   e x c i t e   t h e   p i l o t - v e h i c l e   s y s t e m .   T h e s e  methods  compute d i r e c t l y   t h e  
desc r ib ing   func t ion  of t h e   p i l o t  from h i s   i n p u t  and   ou tput   s igna ls .  However, 
t h e r e  i s  a fundamenta l   d i f f icu l ty   wi th   these   methods   because   the   p i lo t ' s   ou t -  
pu t   no ise   t ransmi t ted   th rough  the   cont ro l   loop   produces  an undes i red   cor re la -  
t i o n  between h i s   i n p u t  and output   s igna ls ,   thereby   caus ing   an   e r ror   in  
i d e n t i f i c a t i o n .   I n   r e f e r e n c e  4 ,  t he   expec ted   e r ro r  i s  analyzed  and it was 
shown t h a t  i f  t h e   a m p l i t u d e   o f   t h e   p i l o t ' s   n o i s e  i s  l a r g e ,  as compared with 
t h e   e x t e r n a l   d i s t u r b a n c e ,   t h e n   t h e   i d e n t i f i c a t i o n   e r r o r  is  unacceptable .  

Dur ing   rou t ine   f l i gh t - t e s t   ope ra t ions ,   t he re  are no   ca re fu l ly   con t ro l l ed  
forcing  funct ions  and  even  the random ex te rna l   d i s tu rbance  may b e   q u i t e  small 
s o  t h a t   t h e   p r i n c i p a l   s y s t e m   e x c i t a t i o n  may  come from t h e   p i l o t ' s   o u t p u t  
no i se .   Th i s   r epor t  shows t h a t   i n  such s i t u a t i o n s  i t  may s t i l l  be   poss ib l e ,  
u n d e r   c e r t a i n   r e a s o n a b l e   c o n d i t i o n s ,   t o   d e t e r m i n e   t h e   p i l o t   d e s c r i b i n g   f u n c -  
t i on   w i thou t   i ncu r r ing  an u n a c c e p t a b l e   i d e n t i f i c a t i o n   e r r o r .  One r equ i r ed  
condi t ion  is t h a t   t h e   p i l o t  (or  poss ib ly   the   feedback   cont ro l   loop)   have  a 
time delay.  If t h i s   c o n d i t i o n  i s  met, it i s  poss ib l e   t o   t ake   advan tage   o f  
t h i s   f a c t   i n   t h e   i d e n t i f i c a t i o n   d a t a   p r o c e s s i n g .   I n   e f f e c t ,   t h e   i n p u t   s i g n a l  
i s  sh i f t ed   du r ing   p rocess ing  by  an amount e q u a l   t o   t h e  time de lay   o f   the  
p i l o t .  Al though  previous  s tudies   ( refs .  5-7) have  considered  the  use  of  a 
time s h i f t   i n   t h e  measurement o f   p i l o t   d e s c r i b i n g   f u n c t i o n s ,  it was apparent ly  
n o t   o b s e r v e d   t h a t   t h i s   t i m e   s h i f t  would s t r o n g l y   i n f l u e n c e   t h e   e r r o r   i n  
i d e n t i f i c a t i o n .  

This   repor t   p resents  a t h e o r e t i c a l   a n a l y s i s   t o  show t h a t   t h i s   t e c h n i q u e  
will r e d u c e   t h e   i d e n t i f i c a t i o n   e r r o r .  The s imula t ion   and   i den t i f i ca t ion   o f  
s e v e r a l  known system  elements   are   included  to  compare wi th   the   theory  and t o  
i l l u s t r a t e   t h e   u s e   o f   t h i s   t e c h n i q u e .   A l s o ,   r e s u l t s   o b t a i n e d  from t h e   r e t r o -  
f i r e  phase  of   the Gemini X miss ion   a re   p resented   to   demonst ra te   the  
a p p l i c a t i o n   o f   t h i s   t e c h n i q u e   t o   r o u t i n e   f l i g h t - t e s t   r e c o r d s .  
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NOTATION 

t 

c1 

A 

c o n t r o l l e r   d e f l e c t i o n   ( o u t p u t   o f   p i l o t )  

e r r o r   s i g n a l   ( i n p u t   t o   p i l o t )  

Fourier   t ransform o f  [ ] 

ex te rna l   d i s tu rbance  

cons tan t   ga in  

numerator terms in   Yc( jo )  

i n t e rna l   no i se   (p i lo t   r emnan t )  

c r o s s - c o r r e l a t i o n   f u n c t i o n  of e ( t )  and c ( t )  

c r o s s - c o r r e l a t i o n   f u n c t i o n   o f   e ( t )  and n ( t )  

a u t o c o r r e l a t i o n   f u n c t i o n   o f  e ( t )  

a u t o c o r r e l a t i o n   f u n c t i o n  of n ( t )  

time, s e c  

cont ro l led   e lement   descr ib ing   func t ion  

measured   descr ib ing   func t ion   ( idea l )  

measured   descr ib ing   func t ion   (ac tua l )  

p i l o t   d e s c r i b i n g   f u n c t i o n  

e s t i m a t e d   p i l o t   d e s c r i b i n g   f u n c t i o n  

exponent ia l   decay   fac tor ,   sec- l  

r e s i d u a l  

t ime   sh i f t   u sed   du r ing   ana lys i s ,  sec 

time delay  in   Yc(jw),  sec 

time d e l a y   i n  Yp(jw), sec 

power  spectrum  of   e( t )  

power spectrum  of   n( t )  

cross-power  spectrum  of e ( t )  and c ( t )  

3 



Oen ( j w )  cross-power  spectrum  of e ( t )  and n ( t )  

w f requency,   rad/sec 

BACKGROUND 

This   sec t ion   d i scusses   the   p i lo ted   cont ro l   sys tem  e lements   and   ind ica tes  
t h e   e r r o r   i n   i d e n t i f y i n g   t h e   p i l o t   d e s c r i b i n g   f u n c t i o n  from rou t ine   t r ack ing  
task records .  A computing  process f o r  r e d u c i n g   t h i s   i d e n t i f i c a t i o n   e r r o r  i s  
then  out l ined.   This   background material precedes a more de t a i l ed   ana lys i s   o f  
t h e   i d e n t i f i c a t i o n   e r r o r   p r e s e n t e d  l a t e r  i n   t h e   r e p o r t .  

General Remarks 

Figure 1 i s  a b lock   d i ag ram  o f   t he   p i lo t   i n  a compensatory  tracking  task 
t r y i n g   t o   c o n t r o l   h i s   o u t p u t   c ( t )  s o  t h a t   t h e   i n p u t   e r r o r   s i g n a l   e ( t )  

r-----1 r - - - - - 1  
PllOI Conlrolled system 

Figure 1.- I d e n t i f i c a t i o n   u s i n g   s t a n d a r d  measurement  methods. 

i s  kep t   nea r   ze ro .   Gene ra l ly ,   t he   i npu t -ou tpu t   cha rac t e r i s t i c s   o f   t he   p i lo t  
must be  considered as complex,  nonlinear,  and time varying.  However, f o r   t h e  
purposes  of  modeling, it i s  common p r a c t i c e   t o  assume t h a t   h i s   c h a r a c t e r i s t i c s  
can  be  represented by a quas i - l i nea r   sys t em  ( r e f .  3 ) .  This  mathematical model 
conta ins   the   l inear   e lement  Yp and the   no i se   sou rce   n .  The element  Yp(jw), 
which i s  c a l l e d   t h e   p i l o t   d e s c r i b i n g   f u n c t i o n , '  i s  a l i nea r   cons t an t -  
coef f ic ien t   sys tem  wi th  a frequency  response  dependent on t h e   i n , p t = =  e = ( t )  ." . -  

ITechnical ly ,  Yp(jw) r ep resen t s  a random input   descr ib ing   ' func t ion  
because random, r a t h e r   t h a n   s i n u s o i d a l ,   s i g n a l s   a r e   u s e d   h e r e   ( s e e  ref .  3 ) .  
Also, t o   a v o i d   a d d i t i o n a l   n o t a t i o n ,  terms such as Y(jw) will be   u sed   t o  
r ep resen t   bo th   t he   t r ans fe r   func t ions   o f   l i nea r   sys t ems  and t h e   d e s c r i b i n g  
funct ions  of   nonl inear   systems.  

4 



The term n( t )   r ep resen t s   t he   d i f f e rence   be tween   ou tpu t  of t h e   p i l o t ,  c ( t ) ,  
and   ou tput   o f   the   descr ib ing   func t ion  Y ( jw)  dr iven  by  e( t )  . Thus n ( t )  
accounts  for  remnant terms such as n o n l i n e a r i t i e s ,  time va r i a t ions ,   and  
a d d i t i v e   n o i s e   i n   t h e   o u t p u t   o f   t h e   p i l o t .  

P 

The cont ro l led   sys tem is mathemat ica l ly   charac te r ized   by   the   cons tan t  
l inear   e lement  Yc and the   no i se   sou rce  i. The time h i s t o r y   i ( t )   a c c o u n t s  
f o r   n o n l i n e a r i t i e s  and time v a r i a t i o n s   i n   t h e   c o n t r o l l e d   e l e m e n t ,  time- 
varying commands, and a l l  disturbances  from  aerodynamics,   propulsion, etc.  , 
e x t e r n a l   t o   t h e   p i l o t .  

Ident i f ica t ion   Er ror   Us ing   S tandard  Methods 

Several  methods  (e.g., refs. 4-10)  have  been  used t o  compute,  from  given 
r e c o r d s   o f   e ( t )   a n d   c ( t ) ,  a desc r ib ing   func t ion   qm( jw)   t ha t   r ep resen t s   t he  
b e s t   l i n e a r   r e l a t i o n s h i p  between e ( t )  and c ( t ) .  Best h e r e  means t h a t   t h e  
i n t e g r a l   o f   t h e   s q u a r e d   r e s i d u a l ,   / E 2 ( t ) d t ,  i s  minimized  over a given  record 
length,   where  E(t)  i s  the   d i f fe rence   be tween  the   ac tua l   record   c l t )   and   the  
output  of  the  system ?m(jw) e x c i t e d   b y   e ( t ) .  The mea.surements Ym(jw) may 
d i f f e r  somewhat between  methods  because  each method u s e s   s l i g h t l y   d i f f e r e n t  
approximations  and model  forms i n  computer  processing.  Generally,  the  measure- 
ments  of  vm(jw) w i l l  be   nea r   t he   fo l lowing   i dea l   desc r ib ing   func t ion  Ym(jW) 
t h a t   r e p r e s e n t s   t h e   b e s t   l i n e a r   r e l a t i o n s h i p  between e ( t )  and c ( t )   f o r  random 
s t a t i o n a r y   s i g n a l s z :  

In   th i s   equa t ion ,   Qec( jw)  i s  the  cross-power  spectrum  between  e(t)   and 
c ( t )  and  Qee(w) i s  t h e  power dens i ty   spec t rum  o f   e ( t ) .   I n   i den t i fy ing   t he  
p i lo t   descr ib ing   func t ion   wi th   these   types   o f   methods ,   p rev ious   s tud ies   (e .g . ,  
refs. 4 and 9)  have shown t h a t   t h e r e  i s  a difference  between  the  measured 
desc r ib ing   func t ion  Ym(jw) and the   ac tua l   descr ib ing   func t ion   Yp( jw) .  This 
d i f f e r e n c e ,   o r   " i d e n t i f i c a t i o n   e r r o r , "   c a n   b e  shown by   de l inea t ing   t he  compo- 
nents  of  the  cross-power  spectrum:  @ec(j ,)  = YP(jw)@ee(w) + Qen(j,). Sub- 
s t i t u t i n g   t h e s e  components i n to   equa t ion   (1 )   y i e lds  

e r r o r  
Equation (2)  shows t h a t  any cross-correlat ion  aen(jw) w i l l  con t r ibu te   an  
e r r o r   i n   i d e n t i f i c a t i o n .  Such a cor re la t ion   does   ex is t   dur ing   c losed- loop  
control   because n ( t )   t r a n s f e r s   t h r o u g h  Yc (jw)  and  thus  appears as a compo- 
nent   of  e ( t )  . If n ( t )  i s  much smaller than i ( t )  , t h e   r a t i o  @en  (jw)/Oee(w) 
w i l l  be  small and  the  measured  t ransfer   funct ion Ym(jw) w i l l  b e   n e a r   t h e   t r u e  

21f t h e  measurement  has t h e   c o n s t r a i n t   t o   i d e n t i f y   o n l y   p h y s i c a l l y  real-  
izab le   sys tems,   then ,  as s h a l l   b e   p o i n t e d   o u t  l a te r ,  Ym(jw) i s  w r i t t e n   i n  a 
s l i g h t l y   d i f f e r e n t  form. 
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value Yp ( j w )  . However, i f  n ( t )  i s  much l a r g e r   t h a n  i ( t )  , t h e   r a t i o  
Oen(jw)/@ee(W) will b e   s i g n i f i c a n t  and the  measured  descr ibing  funct ion 
Y,(jw) w i l l  b e   v e r y   d i f f e r e n t  from  Yp(ju). For r o u t i n e   f l i g h t - t e s t   c o n d i -  
t i ons ,   where   n ( t )  may be much l a r g e r   t h a n  i ( t ) ,  i t  i s  n e c e s s a r y   t o   f i n d  some 
means o f   r e d u c i n g   t h i s   e r r o r .  Such a technique w i l l  be   ou t l i ned   nex t ,  

Use of  a Time S h i f t   i n   I d e n t i f i c a t i o n  

P rev ious   s tud ie s   ( e .g . ,   r e f s .  5-7) have  considered  the  use of a time 
s h i f t   d u r i n g   t h e  compute r   p rocess ing   t o   accoun t   fo r   t he   e f f ec t ive   t ime   de l ay  
of  t h e   p i l o t .   T h i s   t i m e   s h i f t i n g   r e p r e s e n t s   o n l y  a s l i g h t   m o d i f i c a t i o n   t o   t h e  
i d e n t i f i c a t i o n  methods i n   f i g u r e  1. 

T h i s   t i m e - s h i f t i n g   t e c h n i q u e   i l l u s t r a t e d   i n   f i g u r e  2 involves   the  fol low- 
ing   s teps   in   the   comput ing   process .  

1. The i n p u t   s i g n a l   e ( t )  is s h i f t e d   w i t h   r e s p e c t   t o   c ( t )  by  an amount 
A ,  where A i s  e q u i v a l e n t   t o   t h e  time d e l a y   o f   t h e   p i l o t .  

2 .  The descr ib ing   func t ion   Gm(ju)  i s  de te rmined   u s ing   t he   sh i f t ed   da t a  
from s t e p   ( 1 ) .  

3 .  The e s t ima ted   t r ans fe r   func t ion  i s  determined  from  the  measured 
t r a n s f e r   f u n c t i o n  as 

r""1 
PI101 

r - - - - - l  
Controlled system 

Figure 2.- The use of a time  shift A in identification. 

Although  previous  s tudies   have  considered  this   t ime-shif t ing  technique,  
it was appa ren t ly   no t   obse rved   t ha t   t h i s   t echn ique  would s t rong ly   i n f luence  
t h e   e r r o r s   i n   i d e n t i f i c a t i o n .   T h i s   r e p o r t  shows t h a t  when t h i s   t e c h n i q u e  is  
used  with a measurement  method i n  which Pm(ju)  i s  c o n s t r a i n e d   t o   b e  
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p h y s i c a l l y   r e a l i ~ a b l e , ~   t h e n   t h e   i d e n t i f i c a t i o n   e r r o r   d u e   t o   t h e   c o r r e l a t i o n  
of  e( t )  with  n( t )   can  be  reduced.   This   reduct ion w i l l  b e  shown i n   t h e   n e x t  
s e c t i o n  where t h e   i d e n t i f i c a t i o n   e r r o r   t o   b e   e x p e c t e d   w i t h   t h i s  computing 
process  will be  analyzed. 

ANALYSIS OF IDENTIFICATION ERROR 

The r educ t ion   o f   t he   i den t i f i ca t ion   e r ro r   by   t he   fo rego ing   compute r  
process ing  w i l l  b e   i l l u s t r a t e d  from  two points   of   view.  F i r s t ,  a genera l  
a n a l y s i s  will show why t h e  time s h i f t  X r e d u c e s   t h e   i d e n t i f i c a t i o n   e r r o r .  
The second  analysis  w i l l  deve lop   equa t ions   t o  show, i n  more d e t a i l ,   t h e  amount 
t h e   e r r o r  i s  reduced. The fo l lowing   ana lys i s  i s  presented   us ing   the   f requency  
domain. A similar a n a l y s i s  is  presented   in   appendix  A u s ing   t he   t ime  domain. 

General   Analysis 

TO i l l u s t r a t e   t h e   r e d u c t i o n   i n   i d e n t i f i c a t i o n   e r r o r ,   e q u a t i o n   ( 1 )  i s  
r e w r i t t e n  as 

(a) No tlrne sh l f i ;  X = O  

Figure 3.- Effect of time  shift 
functions. 

.d 

on  correlation 

where F [Re, ( T ) ]   r e p r e s e n t s   t h e  
Four ie r   t ransform  of   the   c ross -  
c o r r e l a t i o n   f u n c t i o n   R e c ( ~ )  and 
F[Ree(.)] r e p r e s e n t s   t h e   F o u r i e r  
t ransform  of   the   au tocorre la t ion  
func t ion  Ree(.). Representat ive 
curves4  of   the  measured  quant i t ies  
R (T)  and  Ree(T) are ske tched   i n  
f l g u r e   3 ( a ) .  The e r r o r   c o n t r i b u t i o n  
R,,(T), contained  in   Rec(T),  i s  a l s o  
shown f o r  comparison. 

ec 

Now cons ider   those  measurement 
methods tha t   have   t he   cons t r a in t   o f  
phys i ca l   r ea l i zab i l i t y .   These  
methods  used  only  data   for   posi t ive 
values   of  T, and,   accordingly,   the  

"" - _____ ~- 
measured t r a n s f e r   f u n c t i o n  i s  

3This   cons t ra in t  i s  inhe ren t   i n   t he   compute r   p rocess ing   fo r  most  time- 
domain measurement  methods  such as c r o s s - c o r r e l a t i o n   ( r e f s .  4, 8, and 9) , 
orthogonal f i l t e rs  ( r e f s .  4 ,  5, and 7), and pa rame te r   t r acke r s   ( r e f s .  4, 6 ,  
and  10). Most frequency domain measuring  methods  using  cross-spectral  com- 
put ing   programs  ( re f .   1 )   usua l ly  do n o t   c o n t a i n   t h i s   c o n s t r a i n t .  However, 
such a cons t ra in t   could   p robably   be   incorpora ted .  

4These  data are from  example 1, which w i l l  be   d i scussed  la ter .  
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and if t h e   i n d i v i d u a l  terms (see  eq.  ( 2 ) )  are s u b s t i t u t e d   f o r   R e c ( ~ ) ,  

With t h i s   c o n s t r a i n t ,   o n l y   t h a t   p o r t i o n  of  Ren(T) f o r   p o s i t i v e   v a l u e s   o f  T 

(shown by the   shaded   r eg ion   i n   f i g .   3 (a ) )   con t r ibu te s  an e r r o r   i n  
i d e n t i f i c a t i o n .  

Let us   next   in t roduce   the  time s h i f t  X as p r e s e n t e d   i n   f i g u r e  2. This  
time s h i f t  i s  app l i ed  s o  t h a t   t h e   s h i f t e d   i n p u t   d a t a   a r e   e '   ( t )  = e ( t  - X ) .  
The effect  of t h i s  time s h i f t  i s  i l l u s t r a t e d   i n   f i g u r e   3 ( b )  where the   func-  

t ions  Reln(T) ,   Refc(T) ,   and Refel (T) 
r e s u l t i n g  from t h e   s h i f t e d   i n p u t  
d a t a  are presented .  I t  i s  shown 
t h a t   t h e   a d d i t i o n   o f   t h i s   t i m e   s h i f t  
causes   t he   quan t i t i e s  Ref C ( ~ )  and 

X w i t h   r e s p e c t   t o  Ref e' (T) . NOW it 
i s  appa ren t   t ha t   t he   e r ro r   con t r ibu -  
t i o n   o f   R e f n ( T ) ,  f o r  t h e   p o s i t i v e  
va lues   o f  T~ is reduced  and 
inc ludes   on ly   the  small shaded area 

f o r   t h e   e r r o r  term is 

n 
L \ +  - R e f n ( T )   t o   b e   s h i f t e d   b y   t h e  amount 

3. 

(b) Wlth tlme shlf l  A i n   f i g u r e   3 ( b ) .  The actual va lue  
Figure 3 .  - Concluded. 

I n   g e n e r a l ,   R 2 n ( ~ )  will d e c r e a s e   f o r   p o s i t i v e   v a l u e s   o f  T. Therefore ,   note  

t h a t   t h e   e r r o r   c o n t r i b u t i o n  Ren(T + X)e d.r will be  reduced as X i s  

i n c r e a s e d .   F u r t h e r ,   t h e   e r r o r   c o n t r i b u t i o n  w i l l  be   zero i f  Ren(r) i s  zero 
for   va lues   o f  T g r e a t e r   t h a n  A .  

SOm 

-T  j w  

Th i s   gene ra l   d i scuss ion   has   a t t empted   t o   g ive  some p h y s i c a l   i n s i g h t   i n t o  
why t h e  time s h i f t  X r e d u c e s   t h e   e r r o r   i n   i d e n t i f i c a t i o n .  We will now t u r n  
o u r   a t t e n t i o n   t o  a more d e t a i l e d   a n a l y s i s   t o   d e t e r m i n e   t h e  amount t h e   e r r o r  
can  be  reduced. 
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Detai led  Analysis  

In t h i s   s e c t i o n ,  w e  w i l l  de r ive   fo rmulas   t ha t  show t h e   r e d u c t i o n   i n  
i d e n t i f i c a t i o n   e r r o r  as a func t ion   o f   t he   p r imary   va r i ab le s   w i th in   t he   con t ro l  
loop. As noted ea r l i e r ,  w e  w i l l  cons ide r   t he   u se   o f  a t img s h i f t  X i n   t h e  
iden t i f i ca t ion   and   cons ide r  measurement  methods i n  which Ym(jw) is  
c o n s t r a i n e d   t o   b e   p h y s i c a l l y   r e a l i z a b l - .  

To mathematical ly   represent  a measured  descr ibing  funct ion Ym(jw) t h a t  
i s  c o n s t r a i n e d   t o   b e   p h y s i c a l l y   r e a l i z a b l e ,  we can u t i l i z e   t h e   r e l a t i o n s h i p  
used   wi th   the  Wiener-Hopf equa t ion   ( r e f .  11). Using t h i s   r e l a t i o n s h i p   f o r  
phys i ca l ly   r ea l i zab le   sys t ems ,   equa t ion   (1 )  i s  w r i t t e n  

I+ 
where 

Qee ( jw)   has   po le s   o r   ze ros   on ly   i n   t he   l e f t -ha l f   p l ane  

@ee( jw)   has   po le s   o r   ze ros   on ly   i n   t he   r i gh t -ha l f   p l ane  

+ 

[ I +  h a s   p o l e s   o n l y   i n   t h e   l e f t - h a l f   p l a n e  

This fol lows  the  usual   form,  which impl i e s   t ha t   t he   d i r ec t   t r ans fo rm  o f  a t ime 
f u n c t i o n   t h a t  i s  s t a b l e  and ze ro   fo r   nega t ive   t ime  w i l l  have a l l  i t s  p o l e s   i n  
t h e   l e f t - h a l f   p l a n e  (LHP).  

Now we in t roduce   t he  time s h i f t  X as i l l u s t r a t e d   i n   f i g u r e  2 and de f ine  

t h e   s h i f t e d   d a t a  as e '  ( t )  = e ( t  - X). Because  Qelc(jw) = eXjaQec(jw)  and 
@ e , e I  [w) = Qee (w) , we can   wr i te   the   measured   t ransfer   func t ion   as  

A s  shown i n   f i g u r e  2 ,  we can   de f ine   t he   e s t ima ted   desc r ib ing   func t ion   i n  
terms of  the  measured  describing  function,  Pp(jw) = e-'joPm(jw). And i f  we 
assume t h a t   t h e r e  i s  no model ing   e r ror ,   tha t  i s ,  qm(jw) = Ym(jw),  then a 
t h e o r e t i c a l   e x p r e s s i o n   f o r   t h e   e s t i m a t e d   d e s c r i b i n g   f u n c t i o n  i s  

+ 
(9) 
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In t roduc ing   t he   i nd iv idua l  terms f o r  Qec( ju)  (see eq. (2)), we have 

The impulse  response  funct ion of Yp is assumed t o   b e   z e r o   f o r  time less 
than  a value  of  -tP and, s o  long as X i s  l e s s   t h a n  o r  e q u a l   t o  T t h e  
te rm  eXjwY  ( jw)   has   po les   on ly   in   the  LHP. Simplifying  equation  (10)  with 
th i s   assumpt ion ,  we ob ta in  

P' 
P 

The term ~ ~ ~ ( w )  c o n s i s t s  of con t r ibu t ions  from two s o u r c e s :   i ( t )  and n ( t ) .  
The maximum error  can  be  determined by assuming i ( t )  = 0 ( r e f .  4 ) .  With t h i s  
assumpt ion   and   us ing   bas ic   c losed- loop   re la t ionships   ( re f .   l l ) ,   l e t   us   def ine  

These   def in i t ions  assume t h a t  Yc(jw) i s  minimum phase   ( i . e . ,   conta ins   no  time 
de lay   o r   ze ros   i n   t he  RHP) . The c a s e   i n  which  Yc(jw) i s  a nonminimum phase 
will b e   i l l u s t r a t e d  a t  t h e  end  of t h i s   s e c t i o n .  

Y, Minimum phase.-  From the  foregoing  assumptions,  which  cover a v a r i e t y  
o f  p i l o t e d   c o n t r o l   s i t u a t i o n s ,  we f i n d   t h a t  
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where now t h e   e r r o r  is convenient ly   expressed as a func t ion   of   Qnn( jw) ,   the  
exc i t a t ion   no i se   sou rce .   In   equa t ion   (15 ) ,   t he   t e rms  [e X j w  @nn(j,)]+ + and 
Qnn(j,)  can  be  evaluated as shown i n   t h e   f o l l o w i n g   e q u a t i o n :  

+ 

+ 

The c o n t r i b u t i o n   t o   t h e   e r r o r   t e r m   i n c l u d e s   t h a t   p o r t i o n  of R,,(T) f o r   v a l u e s  
g r e a t e r   t h a n  X (shaded area i n   f i g .  4) .  I t  i s  s e e n   t h a t   t h i s   c o n t r i b u t i o n   t o  

t h e   e r r o r   t e r m  w i l l  be  reduced as X 
i s  increased .  (However, t h i s   t h e o -  
r e t i c a l   d e r i v a t i o n   h o l d s   o n l y   f o r  
those   va lues   o f  X less than o r  

Error e q u a l   t o  

A 4 
contrlbutlon Tp. 1 

- - 7  Equat ion  (15a)   indicates   those 
r 

L A -  

condi t ions  under  which t h e   i d e n t i f i -  
c a t i o n   e r r o r  w i l l  be small. For 

Figure 4.- Reduction of error contribution w i t h  
i n s t a n c e ,   n o t e   t h a t  i f  X i s  pos i -  

a t i v e  and i f  n ( t )  i s  white   noise  .. . " 

S,mRnn (T +  AI^ -Tju (Rnn(T) i s  an  impulse a t  T = 0 ) ,  then 
dT i s  zero  and  there  w i l l  b e   n o   e r r o r   i n   i d e n t i f i c a t i o n .  

More g e n e r a l l y ,   t h e   i d e n t i f i c a t i o n   e r r o r  w i l l  be   zero if 

where 

Th i s   r e su l t   appea r s   t o   have   s ign i f i cance   fo r  many app l i ca t ions .  The most 
important   point  i s  t h a t  when these   cond i t ions   a r e  met, a desc r ib ing   func t ion  
YP(!w) wi th in  a feedback  system  can  theoretically  be  measured  with  the  system 
exc l ted   on ly  by t h e   i n t e r n a l   n o i s e   n ( t ) .  

In  most r e a l i s t i c   s i t u a t i o n s ,  Rnn(-c) will n o t   b e   i d e n t i c a l l y   z e r o   f o r  
va lues   o f  T > A .  We will next  show,  however, t h a t   t h e   i d e n t i f i c a t i o n   e r r o r  
can  be  reduced,  and i n  some cases   be made q u i t e  small, with more r e a l i s t i c  
forms  of  Rnn(T).  For  example,  assume t h a t   t h e   n o i s e   n ( t )   t a k e s   t h e  form 

Rn, = Ke -a  I I which, f o r  small a ,  would be  narrow-band  (nonwhite)  noise. 
Thls   form  agrees   qui te   wel l   wi th  some experimental   measurements  of  the  pilot  
remnant.   (For  instance,   this  exponential   form  with ~1 = 5 sec- '   agrees   with 
t h e  measured n ( t )   i n   r e f e r e n c e s  3 and 12.)  With t h i s  form, we can eva lua te  
the   cons t an t   f ac to r   o f   equa t ion  (15) as 

and a r r i v e  at 



The e r r o r  term on t h e   r i g h t  

t ude   o f   t he   cons t an t   f ac to r  

s i d e  o f  the   equat ion  i s  a func t ion  of t h e  magni- 
-ax e . As 1 i nc reases  and i f  a is la rge   (near  

whi te   no ise)  , then   tp ( jw)  2 Yp(jw).  Conversely, i f  A = 0,  t h e n   t h e   r e s u l t  
i s  i d e n t i c a l   t o   t h a t  shown i n   r e f e r e n c e  4: vp(jw) = - l /Yc( ju ) .  

Yc Nonminimum phase.-  Let us   de f ine   t he  nonminimum phase terms as 

t o   r e p r e s e n t  any  pure time de lay   i n   Yc( ju )  and  N,(ju) t o   r e p r e s e n t  
any RHP zeros  in  Yc(jw).  Then,   by  including  these  terms, in   equat ions  (12)   to  
(14 ) ,  the   es t imated   descr ib ing   func t ion  becomes 

Note t h a t ,   i n   t h i s   c a s e ,  i f  Rnn(T) = 0 f o r  > Tee, then  Y (jw)  need 
P 

not  have a time  delay  (and  no  time  delay, X, i s  r e q u i r e d   i n   t h e   a n a l y s i s )   i n  
o r d e r   t h a t   t h e   i d e n t i f i c a t i o n   e r r o r   b e   z e r o .  

I n   t h i s  more gene ra l   ca se ,   t he   i den t i f i ca t ion   e r ro r   i n   equa t ion   (18 )  will 
be   zero  i f  

where 
A < T  

- P  

The i d e n t i f i c a t i o n   e r r o r   c a n   b e  made small i f  the   au tocor re l a t ion   func t ion   o f  
t h e   i n t e r n a l   n o i s e   R n n ( ~ )  i s  n e g l i g i b l e   f o r   v a l u e s   o f  T g rea t e r   t han   t he  sum 

of   the time delays X + T We can a l so   no te   tha t   the   t e rm  Ni( - jm) /Nz( ju)  i s  
r ep resen ta t ive   o f  a Pade  approximation t o  a time delay.  Thus,  any RHP zeros  
i n  Yc(jw) will t e n d   t o   a c t  as an add i t iona l   e f f ec t ive   t ime   de l ay   and  will 
f u r t h e r   r e d u c e   t h e   i d e n t i f i c a t i o n   e r r o r .  

> C '  

T h i s   a n a l y s i s   o f   t h e   i d e n t i f i c a t i o n   e r r o r   i n d i c a t e s   t h a t   t h e   i n t e r n a l  
n o i s e   n ( t )  need  not  be a h i n d r a n c e   t o   i d e n t i f i c a t i o n ,   b u t   r a t h e r  it will a i d  
i n   t h e   i d e n t i f i c a t i o n  of  feedback  control  systems i f  the  condi t ions  of   equa-  
t i o n  (19) a re   met .   This   ana lys i s   a l so  may h a v e   a p p l i c a t i o n   i n  many o t h e r  
f i e lds   such  as biology,  economics,  and  chemical  processes.  Although  these 
o t h e r   a p p l i c a t i o n s   a r e   n o t   c o n s i d e r e d   i n   t h i s   r e p o r t ,   t h e y  do conta in   t ime 
delays and some o f   t h e  measurements  can be  made only   wi th   the   no ise   in t roduced  
wi th in   t hese   sys t ems   t o   be   i den t i f i ed .  
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APPLICATIONS AND DISCUSSION 

The use   o f   t he   comput ing   t echn ique   ou t l i ned   i n   t h i s   r epor t  w i l l  be  
i l l u s t r a t e d   t h r o u g h   t h e   i d e n t i f i c a t i o n   o f  two examples   using  s imulat ion  data  
and  one  example u s i n g   a c t u a l   f l i g h t   d a t a .  Each example w i l l  i l l u s t r a t e  a d i f -  
f e r e n t   p o i n t .  With example 1, t h e   f o r e g o i n g   t h e o r e t i c a l   r e s u l t s  will b e  com- 
pared   wi th   exper imenta l   resu l t s .  With example 2 ,  a method for s e l e c t i n g   t h e  
time s h i f t  X w i l l  b e   i l l u s t r a t e d .  With  example 3 ,  an   appl ica t ion   us ing  
ac tua l   f l i gh t   r eco rds   f rom Gemini X w i l l  b e   i l l u s t r a t e d .  

The s imula ted   sys tems  for   the  f irst  two-examples are shown i n   f i g u r e  5 .  
The dynamics for   these  examples  were s imulated on a d i g i t a l  computer. The 
output  of a random n o i s e  program was a p p r o p r i a t e l y   f i l t e r e d   t o   o b t a i n   t h e  
des i r ed   spec t rum  o f   n ( t ) .  The r e s u l t i n g  dynamic  records  of  e(t)   and  c(t)  
were  processgd  using  the method descr ibed  in   appendix A. The experimental ly  
determined Yp(jw) to   be   p re sen ted   fo r   t hese   s imu la t ed   examples   r ep resen t s   t he  
average  values   obtained from 1 2  separate  20-second  runs.  

d 
. . 

I ' r""- "7- 
I 
""" 1 

(b l  Example 2 

Figure 5.- System  examples used to  illustrate  identification  technique. 
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Example 1: Comparison of  Theory With Experiment 

To i l l u s t r a t e   t h e   t h e o r y ,   t h e   s y s t e m   i n   f i g u r e   S ( a )  was simulated  and  an 
i d e n t i f i c a t i o n  was made on t h e  known model. The p i l o t  model and   cont ro l led  

element  were Yp(jw) = 4e -OS3jw  and  Yc(jw) = l / jw.  The measurements were made 

wi th   no   ex te rna l   d i s tu rbance ,   i ( t )  = 0 ,  and   wi th   the   on ly   exc i ta t ion   be ing   the  
i n t e r n a l   n o i s e   s o u r c e ,   n ( t ) .  Two forms  of  the  noise  spectrum  were  considered: 
an n ( t )   w i t h  a s p e c t r u m   t h a t   a p p r o x i m a t e s   w h i t e   n o i s e   t o   i l l u s t r a t e   t h e  con- 
d i t i o n  from  equation  (16)  for no i d e n t i f i c a t i o n   e r r o r ,  and  with a spectrum 

whose au tocor re l a t ion   func t ion  i s  Rnn(.r) = e -a ' . r '  t o   i l l u s t r a t e   t h e   t h e o r e t -  
i c a l   r e s u l t s  f rom  equat ion   (17)   for   an   expec ted   ident i f ica t ion   e r ror .  

In t e rna l   wh i t e   no i se . -   Fo r   t h i s   ca se ,   t he   exc i t a t ion   sou rce   n ( t )  had a 
spectrum  near   white   noise .  The time s h i f t   u s e d   i n   t h e  computer  processing was 
taken a t  A = 0 . 2  sec.   These  conditions meet t hose   spec i f i ed   fo r   equa t ion   (16 ) .  
According t o  equat ion   (16) ,   the   es t imat ion   technique  will i d e n t i f y   t h e   a c t u a l  

system, yp A (J -w) = 4 e - ~ . 3 j w  

Figure 6 (a)   presents   the  experimental ly   determined  magni tude I qP (jw) I 
and  phase  angle { ? ( j w )  as funct ions  of   f requency.   Also shown f o r  comparison P 

Frequency w , rad / sec 

Figure 6.- Identification of example 1; 
X = 0.2 sec. 

A 

Yp(jw) = 4e -0.3jw - 
L_ 

I 

. I  

IO 
I 

a r e  
ang 
The 

-the  magnitude 1 Yp ( j w )  I and  phase 
l e  { Y (jw)  of  the  actual  system. 
est imated  ampli tude ( E  ( j w )  1 

v a r i e s  20 .5  dB about   the   ac tua l  
va lue   fo r   f r equenc ie s   t o   abou t  
9 r ad / sec  and the   phase   angle  .( tP( jw) 
i s  wi th in  k0.5" of   t he   ac tua l   va lue .  
These   d i f fe rences   appear   to   be   wi th in  
the  experimental   accuracies   of   the  
s imula t ion .   These   r e su l t s   subs t an -  
t i a t e   t h e   t h e o r e t i c a l   c o n c l u s i o n   t h a t  
it i s  p o s s i b l e   t o   i d e n t i f y   t h e  
desc r ib ing   func t ion  of  a sys tem  tha t  
i s  e x c i t e d  by n o i s e   n ( t )   i n t r o d u c e d  
wi th in   the   sys tem.  

P 
P 

In te rna l   nonwhi te   no ise . -   This  
case   uses   the  same control   e lements  
and t h e  same va lue  A = 0 . 2  s e c  as i n  
the   p rev ious   case .  However, t h e  
assumed noise   spectrum  has  a more 

r e a l i s t i c  form Rnn ( T )  = e - 5 ' T ' .  For 

th i s   case ,   the   theory   (eq .   (17) )  
p red ic t s   t he   fo l lowing   e s t ima ted  
desc r ib ing   func t ion :  

0.37(jw + 4e - 0 . 3 j w  -0.2jw ) e  
I 

e r r o r  

14  
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T h i s   t h e o r e t i c a l   v a l u e   o f  qp(5w) i s  p r e s e n t e d   i n   f i g u r e  6 ( b )  along  with 
the  qP(jw)  obtained  f rom  the  expenmental   data .   Also shown f o r  comparison 

are t h e   d e s c r i b i n g   f u n c t i o n s   o f   t h e  
actual   system Yp(jw)  and t h e   n e g a t i v e  

-.- TP(iw), Theory 

- TP(jw),  Experimenl inverse   o f   the   cont ro l led   e lement  
20 - 

m " / :1/Yc(jw). The experimental ly   der ived 
Yp(jw) i n   t h i s   f i g u r e  is c l o s e   t o   t h a t  ""_ Yp(iw). Actual pred ic t ed   by   t he   t heo ry .  We can see 

< P from t h i s   f i g u r e   t h a t   t h e   e s t i m a t e d  
al magnitude I vp (jw)] is about 4 dB below 
2 l0- t he   ac tua l   va lue ,  I Yp ( j  w) I , a t  t h e  

a 
I 

lower  frequencies  and  tends t o   g i v e  

( s lope  = 20 dB/decade) a t  t h e   h i g h e r  ' f requencies .   Overa l l ,   the   es t imated  
magnitude  tends  toward I l/Yc(jw) I as 

5 L  I the   appearance  of   lead 

0 " 
w 0 -  3 - 5 0 -  predicted  by  equat ion  (17) .  The es t i -  

a ,  
: <Fa mated  phase  angle,  however,  agrees 

-100 L 
"""- - I  q u i t e   we l l   w i th   t he   ac tua l   va lue .  

.I I IO 
Frequency , w , rod /sec 

Figure 6.- Concluded. 

I f  a time s h i f t  were no t   u sed   i n  
t h i s  example, t h a t  i s ,  i f  X = 0 ,  then 
the   es t imated   descr ib ing   func t ion  
would be  Yp(jw) = -l/Yc(jw) , shown by 
t h e   l i n e   i n   f i g u r e  6 ( b ) .  I t  i s  i n t e r -  
e s t i n g   t o   n o t e   t h a t   w i t h  X = 0 ,  t he  
v a l u e   o f   t h e   c o n s t a n t   f a c t o r   i n   t h e  
error  term  of  equation  (17) i s  
e = 1. The va lue   o f   t h i s   cons t an t  
f ac to r   w i th  X = 0 . 2  s e c ,  as shown i n  

equat ion ( 2 0 ) ,  i s  e - a h  = 0.37.  There- 
f o r e ,   f o r  X = 0 . 2  sec  the  magnitude 
o f   t he   e r ro r   t e rm was reduced 
approximately 63 pe rcen t .  

-ah  

Figure 7 i l l u s t r a t e s   t h e   e f f e c t  
of X on t h e   i d e n t i f i c a t i o n   e r r o r .  
The control  system  and  spectrum  of  the 

- 2qLl e x c i t a t i o n  are t h e  same n o i s e  as i n   s o u r c e ,  $he  prevlous (T) =e case. - 5 1 T 1  , 
0 -  

2 <>n Experimental   data,   Yp(jw),  are shown 
a 4  
""" 

- i n   f i g u r e   7 ( a )   f o r  X = 0.05 and 0 . 3  
I 10 

Frequency, w ,  rod / sec sec.   Also shown f o r  comparison  are 
the   ac tua l   sys t em Y (jwj  and  the 

element - l / Y c ( j w ) .  These  experimen- 
t a l  d a t a   i l l u s t r a t e   t h e   e f f e c t   o f  X 

( a )  Describing  functions  for X=.05 sec and X = . 3 s e c  negat ive   inverse  of ?&e con t ro l l ed  

Figure 7.- Effect of x on  identification; predic ted   by   the   theory  of  equa- 
example I; R,,,,(T) = e-51TI. t i on   (17 ) .  For small values   of  X ,  i n  
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t h i s  case X = 0.05 SFC, t he   e s t ima ted  
desc r ib ing   func t ion  Yp ( j  w) tends 

of  X ,  i n   t h i s  case X = 0 . 3  s e c ,   t h e  

15 

"_"""" "" toward  - l /Yc(jw).   For  larger  values 
C L  - a IO :;"- 0 0 0 e s t ima ted   desc r ib ing   func t ion  i s  

0 nea re r   t he   ac tua l   sys t em  desc r ib ing  
0 func t ion .  

E 
cl Experimental   data   are   presented 

i n   f i g u r e   7 ( b )   f o r   s e v e r a l   v a l u e s   o f  

of  frequency, w = 1 r a d / s e c .   I n   t h i s  
f i gu re ,   t he   expe r imen ta l   da t a  are com- 
pa red   w i th   t he   va lue   fo r   t he   ac tua l  
system ( l Y p l  x 1 2  dB and 4 Yp -18") .  

0 

0 

I I I I I I X .  These r e s u l t s   a r e   f o r  one  value 

I I I I I I 

""" 

Y"Q-"- 
0 

Tl 

I m 

7 This  comparison i l l u s t r a t e s   t h a t   t h e  
< P i d e n t i f i c a t i o n   e r r o r   d e c r e a s e s ,  as pre-  
+- -50-  4' d i c t e d   b y   t h e o r y ,   t o  a value  of  
m 
m 
0 ,. 
m 
0 

- ""- Yp , Actuol X = 0.3 s e c ,  which i s  e q u a l   t o  T . 
S 0 Yp.  Experiment v a l i d   o n l y   f o r  X 5 T ~ . )  The e r r o r  

-.- Yp , Theory (The theo ry ,  as noted   prev ious ly ,P is  ,. 
a 

i n  l q P l  i s  s e e n   t o   i n c r e a s e   f o r  
values   of  h much l a rge r   t han  T , 

,P 

cannot   properly model  Yp(jw) with 

X > T These   da t a - ind ica t e   t ha t   t he  
minimum e r r o r   i n  I yPl occurs   near  a 

value  of  X M T The e r r o r   i n   t h e  

phase  angle  { Yp i s  a l s o   s e e n   t o   b e  
very  small  a t  X M T A s  shown by t h i s  example,   the  value  of X should  be 
nea r   t he   t ime   de l ay   t o   min imize   t he   e r ro r   i den t i f i ca t ion .  

I I I I 

T ime  sh i f t ,  A ,  sec 
0 . I  . 2  . 3  .4 .5 ,; This  i s  to   be   expec ted   because  Yp(jw) 

( b )  ldenliflcotion  error  for w = I rod/sec 

P '  
Figure  7.-  Concluded. 

P '  

We s h a l l  now r e c a l l  an in t e re s t ing   po in t   p rev ious ly   d i scussed   (w i th  
eq.   (2))   that   can now be  re inforced  with  experimental   data .   That  i s ,  the   min i -  
mization o f  t h e   i d e n t i f i c a t i o n   e r r o r ,  as we have shown above, i s  not   equiva len t  
t o   f i n d i n g   t h e  minimum v a l u e   f o r   t h e   s q u a r e d   r e s i d u a l  ~ ~ ( t )  i n t eg ra t ed   ove r  a 
a given  run  length.  The fo l lowing   tab le   p resents   the   exper imenta l ly   der ived  

va lues   o f   the  f i t  te rm  /E2( t )d t ,   nor -  
mal ized   wi th   respec t   to  /c2 ( t ) d t ,  as 
a func t ion  X .  T h i s   t a b l e  shows t h a t  

JE2(t)dt/ 'c2Ct)dt  the minimum v a l u e   f o r   t h e  f i t  term i s  
not  a t  X = T = 0.3  s e c ,   b u t   r a t h e r  
i s  a t  X = 0.' This i s  to   be   expec ted  
because  with X = 0 then 
Yp(jw) = -l/Yc(jw)  and  there i s  essen-  

Time s h i f t  X ,  Normalized f i t  term 
s e c  

0 0.02 
.1 .19 
. 2  .25 
. 3  .27 
. 4  .28 
.5  .31 t i a l l y   p e r f e c t   c o r r e l a t i o n  between 

e ( t )  and c ( t ) .  
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The fact  t h a t   t h e  minimum v a l u e   f o r  f i t  term / s 2 ( t ) d t   a p p e a r s  at X = 0 
can l e a d   t o  an e r r o n e o u s   i n t e r p r e t a t i o n   i n   s e l e c t i n g   t h e   b e s t   v a l u e   f o r  X .  
For instance,  i n  prev ious   s tud ies   ( re fs .   5 -7) ,  X was s e l e c t e d   b y   u s i n g   t h a t  
value which  gave the   bes t   cor re la t ion   be tween e( t )  and c ( t )   ( i . e .  , the   min i -  
mum v a l u e   f o r   J s 2 ( t ) d t ) .   T h i s   p r e v i o u s  method o f   s e l e c t i n g  X i s  unsatis-  
f ac to ry ,  however,  because as we have   jus t   no ted ,  i f  n ( t )  >> i( t) ,  t h e n   t h e  
b e s t   c o r r e l a t i o n  i s  with X = 0 and, i n  th i s   ca se ,   qP( jw)  = -l /Yc(jw).  An 

a l t e r n a t e  method o f   s e l e c t i n g  X w i l l  b e   i l l u s t r a t e d  by  the  following  example. 

Example 2: A Method o f   S e l e c t i n g   t h e  Time S h i f t  

The previous  example  pointed  out  that   the time s h i f t  X should   be   near  
t h e  time delay T~ t o  min imize   t he   i den t i f i ca t ion   e r ro r .  The time de lay  T~ 

may be  approximately known i n  some s i t u a t i o n s   ( e . g . ,  ref .  3) b u t ,   i n   g e n e r a l ,  
i t s  va lue  will be  unknown and w i l l  depend on t h e   p a r t i c u l a r   p i l o t i n g  t a sk .  

This example i l l u s t r a t e s  one  method o f   s e l e c t i n g  X and w i l l  consider  
i d e n t i f i c a t i o n  o f  the  system shown i n   f i g u r e   5 ( b ) .  The e x c i t a t i o n   n o i s e  
source i s  t h e  same as   u sed   i n   t he   p rev ious   ca se ,   Rnn(~)  = e - 5 1 T 1  and i ( t )  = 0 ;  

however, d i f f e r e n t  forms f o r   t h e   p i l o t  model  Yp(jw) = 2 ( j w  + l ) e - O a 5 j w  and 

control led  e lement  Yc(jw) = 

t i f i c a t i o n   o f  more complex  dynamics. We will assume i n   t h i s   i l l u s t r a t i o n   t h a t  
Yp(jw) i s  unknown. The ob jec t ive  w i l l  b e   t o   e s t i m a t e   t h e   v a l u e   o f  and 

t h e n   u s e   t h i s   v a l u e   f o r  A t o   o b t a i n  a bes t   e s t ima te  f o r  q P ( j u ) .  

1 
j w ( j w  + 1)  

were  chosen to   demonst ra te   the   iden-  

TP 

For t h i s  example,  the  following  procedure was used t o   e s t i m a t e  T and 
t h u s ,   s e l e c t  X .  1' 

1. P lo t   t he   e s t ima ted   desc r ib ing   func t ion   fo r  a se l ec t ed   va lue   o f  X .  

2 .  Determine a t r a n s f e r   f u n c t i o n   t h a t   f i t s   t h e   p l o t ,   t h a t  i s ,  

Yp(jw) M (K1 + K2jo)e , e t c .  
-TpJ w 

3 .  Note the   va lue   o f   e s t ima ted  T~ from s t e p  2 .  

4. Repeat  steps 1 through 3 u n t i l  a value  of  X approximate ly   equal   to  
t he   e s t ima ted  T~ i s  obtained.  

The e s t ima ted   desc r ib ing   i unc t ions   fo r  example 2 are p r e s e n t e d   i n  
f i g u r e  8 f o r  X = 0 . 2  and 0 . 4  sec.   Also shown for  comparison i s  the   desc r ib -  
ing   func t ion   for   - l /Yc( jw) .   These   exper imenta l   da ta   for  X = 0 . 2  and 
0 . 4  sec   fo l low  the   t rends   p red ic ted   by   theory .  The c u r v e   f o r   t h e   h i g h   v a l u e  
of X (as  compared t o   t h e   c u r v e   f o r   t h e  lower  values  of X )  t ends  away from 
-l/Yc(jw).  I t  was f o u n d   f o r   t h e s e   d a t a   t h a t  any va lue   o f  X between A = 0.3 
s e c  and 0 .8  s e c   r e s u l t e d   i n   a p p r o x i m a t e l y   t h e  same descr ib ing   func t ion  as 
shown f o r  X = 0.4 sec.   This   es t imated  descr ibing  funct ion  can  be-approxi-  

mated  by a t r a n s f e r   f u n c t i o n   o f   t h e  form Yp(jw) NN (K1 + K2jw)e . The 
-TpJ w 
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Figure 8.- Identification  of  example 2. 
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1 I I I 

T lme shl f t ,  X .  sec 
0 .2 .4 .6 .8 I .o 

I 

Figure 9.- Comparison of estimated T~ with A ;  
example 2. 

es t imated  T v a l u e s   f r o m   f i t t i n g  
t h i s   t r a n s f e r   f u n c t i o n   t o   t h e   p l o t s  
(e .g . ,   f ig .   8 )  are p r e s e n t e d   i n   f i g -  
u r e  9 f o r   s e v e r a l   v a l u e s   o f  X .  I t  
i s  s e e n   t h a t  X i s  e q u a l   t o   t h e  
es t imated  time de lay ,  T a t  X w 0 .5  

sec. Therefore ,  X = 0 . 5  sec   should  
b e   s e l e c t e d   f o r   u s e   i n   t h i s  example 
i d e n t i f i c a t i o n   a n a l y s i s .  I t  i s  seen 
t h a t   f o r   t h i s  example t h e  method 
works well f o r   e s t i m a t i n g   t h e   a c t u a l  

P 

P’ 

T 
P’ 

F igure  10  compares the   es t imated  
desc r ib ing   func t ion   u s ing  X = 0 . 5  
s ec   w i th   t he   ac tua l   desc r ib ing   func -  
t i o n   f o r  example 2 .  Both t h e  magni- 
tude  and  the  phase  angle   of   the  
e s t ima ted   desc r ib ing   func t ion   a r e  
s e e n   t o   b e   n e a r   t h e s e   v a l u e s   f o r   t h e  
ac tua l   sys t em.   Fo r   t h i s   ca se ,   w i th  
X = 0 . 5  sec,   the   theory  of   equa-  
t i o n  ( 1 7 )   p r e d i c t s   t h a t   t h e   i d e n t i f i -  
ca t ion   e r ror   in   magni tude  will be 

e - 0.08. The experimental   data  
shown i n   f i g u r e  10 appea r   t o   be  
w i t h i n   t h i s   8 - p e r c e n t   i d e n t i f i c a t i o n  
e r r o r  as predic ted   by   the   theory .  

-ah - 

? ~ J w ~ ,  X : 5 sec 
/ 

50 - 

I 
1 

-100 L 
.I 

Frequency , w , rad /sec 

Figure 10.- Comparison of with Y . 
example 2. P P’ 

I O  
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Example 3: F l i g h t  Test Resul t s  From Gemini X 

F l i g h t   d a t a  from  Gemini X were a n a l y z e d   t o   i l l u s t r a t e   t h e   a p p l i c a t i o n   o f  
t h i s   i d e n t i f i c a t i o n   t e c h n i q u e .   I n   a n a l y z i n g   f l i g h t - t e s t   d a t a ,  it i s  b e s t   t o  
select  a s e c t i o n   o f   t h e   r e c o r d   t h a t   c o n t a i n s   d i s t u r b a n c e s   e x t e r n a l   t o   t h e  
p i l o t .  As noted ear l ie r  in   t he   d i scuss ion   fo l lowing   equa t ion  ( 2 ) ,  e x t e r n a l  
d i s turbances  w i l l  t e n d   t o   r e d u c e   t h e   e r r o r   i n   i d e n t i f i c a t i o n .  The r e t r o f i r e  
maneuver i s  a c a s e   i n  which ex te rna l   d i s tu rbances  are i n t r o d u c e d   d u e   t o   t h e  
unsymmetric r i p p l e   f i r i n g   o f   t h e   f o u r   r e t r o r o c k e t s .  The r e l a t i o n s h i p   o f   t h e  
p i l o t   c o n t r o l  t a s k ,  t h e  j e t  control   system,  and  the  dis turbances  during  re t ro-  
f i r e  i s  i l l u s t r a t e d   s c h e m a t i c a l l y   i n   f i g u r e  11. 

PllOi r-----1 

Figure  11.-   Pi lot   descr ibing  funct ion  and  f l ight   control   system;  example 3.  

During r e t r o f i r e ,   t h e   p i l o t   c o n t r o l s   t h e   a t t i t u d e   a b o u t   e a c h   o f   t h e   t h r e e  
axes.  There i s  no control   coupl ing  between  these  axes ,   and  the  pi lot   appears  

"I I--2 sec 

Figure 12.- Time h i s t o r y  of yaw con t ro l  task 
d u r i n g   r e t r o f i r e .  

t o   t r e a t  them a s   t h r e e   s e p a r a t e  tasks .  
O f  t he   t h ree   axes ,   t he   con t ro l   abou t  
t h e  yaw ax i s   con ta ined   t he   bes t   cons i s -  
t en t   co r re l a t ion   be tween   a t t i t ude  
d e v i a t i o n s ,   e ( t ) ,  and c o n t r o l   s t i c k  
d e f l e c t i o n s ,   c ( t ) .  A time h i s t o r y   o f  
t he   r eco rded  yaw con t ro l   da t a  i s  pre-  
s e n t e d   i n   f i g u r e  1 2 .  These  control 
d a t a  w i l l  b e   u s e d   t o   i l l u s t r a t e   t h e  
measurement  of t h e   p i l o t   d e s c r i b i n g  
f u n c t i o n   d u r i n g   t h e   r e t r o f i r e   o f   t h e  
Gemini s p a c e c r a f t .   ( I t   s h o u l d   b e  
emphasized t h a t   t h i s  was a normal 
r e t r o f i r e  maneuver  and t h e   a s t r o n a u t  
had  no  pr ior   knowledge  of   this  
i d e n t i f i c a t i o n   a t t e m p t . )  

The p i l o t   d e s c r i b i n g   f u n c t i o n  
o b t a i n e d   f o r   t h e   d a t a   o f   f i g u r e  1 2  are 
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- Gp(I~l, X = O  presented   in_f igure   13 .   Curves   o f  
magnitude, I Yp (jw) 1 , and  phase  angle, 

{qP( ju) ,  are presented  as func t ions  

Also shown f o r  comparison i s  t h e  
10 - of   f requency   for  X = 0 and 0.6 sec .  

3 - 
L 

< P  
””””_ “”’ 

desc r ib ing   func t ion5   fo r   - l /Yc( jw) .  
m 
D The s i g n i f i c a n c e   o f   t h i s   l i n e  was 
. _  ; -10- / noted   prev ious ly .  The theo ry   p red ic t s  
: /  t h a t   f o r  X = 0 ,  the   es t imated  

-2oL I I desc r ib ing   func t ion  9 (jw) w i l l  t end  P 
toward  -l/Yc(jw) as i l l u s t r a t e d   i n  
f igure   13 .  However, f o r   t h i s   f l i g h t  
s i tua t ion ,   Pp( jw)   does  n o t  co inc ide  

r u m  

u 3 -50 
0 ” 

”” exact ly   with  - l /Yc(jw)  because of  
- I00 ex te rna l   d i s tu rbances  due t o   t h e  

.I I 
Frequency, Y , rad /sec l o  f i r i n g   o f   t h e   r e t r o r o c k e t s  and j e t  

control   system. 
Figure 13.- Identification  of pilot describing 

function;  example 3. 
For X = 0.6 sec ,   t he   e s t ima ted  

descr ib ing   func t ion   vp( jw)   t ends  
away from the  curve  of   - l /Yc(jw).  Any value  of  X from  about X = 0 . 3  t o  
0 . 7  s ec   r e su l t ed   i n   app rox ima te ly   t he  same desc r ib ing   func t ion  as shown f o r  
X = 0 . 6  set. This  estimated  describing  function  can  be  approximated by a 

- T  jw 
t r ans fe r   func t ion   w i th  a constant   gain  and a t ime  de lay ,  Yp(jw) w Ke . 

1.0 - 

.8 - 

” 
a, 
v, . 6 -  
a 

u 
0 
- 
,E . 4 -  
W 

I I I I I 
0 .2 .4 .6 .8 I .o 

Tlme shlft ,  X ,  sec 

Figure 14.- Comparison  of  estimated T~ with 
X ;  example 3. 

As no ted   p rev ious ly ,   t he   va lue  
of A t h a t  w i l l  minimize  the  ident i -  
f i c a t i o n   e r r o r  i s  dependent on t h e  
e f f e c t i v e   t i m e   d e l a y   o f   t h e   p i l o t ,  

For   these  data ,   the   procedure 
k s c r i b e d   p r e v i o u s l y  was used t o  
determine -rp and ,   t hus ,   s e l ec t  X .  
With th i s   p r .ocedure ,  T~ was e s t i -  
mated  by f i t t i n g   t h e   t r a n s f e r   f u n c -  
t i o n   t o   t h e   p l o t s   f o r   s e v e r a l   v a l u e s  
of A .  These r e s u l t s   a r e   i l l u s t r a t e d  
i n   f i g u r e  14  where the   es t imated  
va lues   a r e   p re sen ted  as a func t ion  
of X .  I t  i s  s e e n   t h a t  X i s  equal 
t o   t he   e s t ima ted   t ime   de l ay ,  
a t  X z 0 .6  sec .   Therefore ,  X = 0 . 6  
s e c  was s e l e c t e d   f o r   u s e  i n  t h i s  
i d e n t i f i c a t i o n   a n a l y s i s .  

TP 

TP ’ 

One promis ing   fea ture   in   ana lyz-  
i n g   t h e   f l i g h t   d a t a  i s  t h a t   t h e   e s t i -  
mated desc r ib ing   func t ions   a r e  

- ~~ ~ 
I ~ 

5The desc r ib ing   func t ion   fo r   t he   j e t   con t ro l   sys t em Yc(jw) was 
e s t ima ted   f rom  the   f l i gh t   da t a .  
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r e l a t i v e l y   i n s e n s i t i v e   t o   t h e   e x a c t   v a l u e   o f   t h e  time s h i f t ,  A .  For   the 
e s t i m a t e d   p i l o t   d e s c r i b i n g   f u n c t i o n s   ( e . g . ,   f i g .   1 3 ) ,   t h e   p l o t s  are approxi- 
mate ly   the  same f o r   v a l u e s   o f  X from  about  0.3 t o  0.7 sec ( the   e s t ima ted  T 
remained  the same at  about 0.6 sec )  . I t  appea r s   t ha t   t he   exac t   va lue   u sed   fog  
A i s  not  c r i t i ca l  i n   t h i s   a p p l i c a t i o n   o f   t h e   i d e n t i f i c a t i o n   t e c h n i q u e .  

The e s t ima ted   desc r ib ing   func t ion   fo r  X = 0.6  sec ( f ig .   13)   represents  
a constant   gain  system  with an e f f e c t i v e  time de lay .   This   resu l t ,   a l though 
n o t   d i r e c t l y   c o m p a r a b l e   t o   t h e   r e s u l t s  f rom  previous  s tudies ,   appears   reason-  
ab le .   For   ins tance ,   wi th  a ra te  command system,  which  approximates  the  control 
s y s t e m   u s e d   i n   t h i s   s i t u a t i o n ,   r e f e r e n c e  1 has shown t h a t   t h e   p i l o t   d e s c r i b i n g  
func t ion  w i l l  b e   e s s e n t i a l l y  a constant   gain  system  with a time delay.  The 
va lue  T~ f o r   t h e   t h r e e - a x i s   f l i g h t   d a t a  i s  h igher   than   the   va lue   f rom  the  
s ing le -ax i s   da t a   i n   r e f e rence  1. However, o the r   s tud ie s   such  as re ference   13  
have a l s o  shown h igher   va lues  of -rP when t h e   p i l o t  i s  invo lved   i n   t he  com- 
p l e t e   t a s k  of  monitor ing  the  instrument   panel   and  control l ing  about   three 
separa te   axes .  

F u r t h e r   a n a l y s i s   o f   t h i s   f l i g h t   d a t a  i s  presented   in   appendix  B .  This 
a p p e n d i x   i l l u s t r a t e s  how t h e   d e s c r i b i n g   f u n c t i o n   o f   t h e   p i l o t / c o n t r o l  combina- 
t i o n  can   be   i den t i f i ed   u s ing   t he   t echn ique   ou t l i ned   i n   t h i s   r epor t .   Th i s  
i l l u s t r a t i o n  i s  in t e re s t ing   because  it p r e s e n t s   t h e   i d e n t i f i c a t i o n   o f  an 
unknown sys tem  ( i . e . ,   p i lo t /cont ro l   sys tem)   us ing   on ly  i t s  own i n t e r n a l   n o i s e  
s o u r c e   f o r   e x c i t a t i o n .  

CONCLUDING REMARKS 

This   repor t   has  shown t h a t   i n   m e a s u r i n g   p i l o t   d e s c r i b i n g   f u n c t i o n s   t h e  
i d e n t i f i c a t i o n   e r r o r  due t o   t h e   c o r r e l a t i o n   o f   t h e   i n p u t   s i g n a l   w i t h   t h e  
p i l o t   o u t p u t   n o i s e  can  be  reduced by sh i f t i ng   t he   i npu t   da t a   du r ing   t he  com- 
puter   p rocess ing  by an amount e q u i v a l e n t   t o   t h e   p i l o t   t i m e   d e l a y .  

Both theory and experimental   data  have shown t h a t   t h e   i d e n t i f i c a t i o n  
e r r o r  can  be made small i f  t he   au tocor re l a t ion   func t ion ,  Rnn(T), of  t h e  
internal   noise   source  (pi lot   remnant)  i s  n e g l i g i b l e   f o r  T g r e a t e r   t h a n   t h e  
sum of  a l l  effect ive  t ime  delays  through  the  control   loop  (pi lot   p lus   con-  
t ro l l ed   e l emen t ) .   Th i s   f i nd ing   has   s ign i f i cance   i n   gene ra l   sys t ems   i den t i f i -  
cat ion  because,  when these   cond i t ions  are met, i t  is  p o s s i b l e   t o  measure t h e  
descr ib ing   func t ion   of  a system  with  feedback  using  only i t s  own i n t e r n a l  
n o i s e   s o u r c e   f o r   e x c i t a t i o n .  

Represen ta t ive   da t a   s e l ec t ed  from t h e   r e t r o f i r e   p o r t i o n   o f   t h e  Gemini X 
f l i g h t  were   ana lyzed   us ing   the   t echnique   ou t l ined   in   th i s   repor t .   These  
r e s u l t s   d e m o n s t r a t e   t h e   f e a s i b i l i t y   o f   i d e n t i f y i n g   t h e   p i l o t   d e s c r i b i n g  
func t ion   f rom  rou t ine   f l i gh t - t e s t   r eco rds .  

Ames Research  Center 
National  Aeronautics  and  Space  Administration 

Moffe t t   F ie ld ,  Cal i f . ,  94035,  Jan.  15,  1969 
125-19-01-42-00-21 
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APPENDIX A 

TIME DOMAIN ANALYSIS AND COMPUTER PROCESSING 

In   t h i s   append ix ,  we w i l l  first use  time domain a n a l y s i s   t o   o u t l i n e   t h e  
s t anda rd   c ros s -co r re l a t ion  method ( r e f s .  4 and 8 ) .  We s h a l l   t h e n   i n t r o d u c e  
t h e   t i m e   s h i f t  X and t h e  computer   p rocess ing   equat ions   used   for   the   resu l t s  
i n   t h i s   r e p o r t .  The r e d u c t i o n   i n   i d e n t i f i c a t i o n   e r r o r   d u e   t o  X w i l l  then  
be   po in ted   ou t   us ing   these  time domain equat ions .  And, f i n a l l y ,  we w i l l  
d i scuss  a mod i f i ca t ion   o f   t hese  computer   p rocess ing   equat ions   to   account   for  
any d a t a   b i a s .  

Standard  Cross-Correlat ion Method 

Let us   cons ide r   ana lys i s   i n   t he  time domain i n  which t h e   l i n e a r   i n p u t -  
ou tpu t   r e l a t ionsh ip  can be   expressed   in  terms of  a convolu t ion   in tegra l  

The hp(T) is  t h e   p i l o t   i m p u l s e   r e s p o n s e   f u n c t i o n   t h a t  is, assumed t o  be  zero 
f o r  T < 0 ( i .   e . ,  hp ( T )  i s  a rea l   sys tem)   and   a l so   zero   for  T > t, ( i .  e .  , a 
f i n i t e  memory time, b). A s imple   d i scre te   approximat ion   of   equa t ion   (Al ) ,  
t o   a l l ow  d ig i t a l   computa t ion ,  i s  

c (k) = A t  f hp (m)e (k - m) + n (k) (A2 1 
m= 0 

where A t  i s  the   d i scre te   sampl ing   t ime.  The set  of equat ions (A2) can  be 
w r i t t e n   i n   v e c t o r - m a t r i x  form as 

where 

E = A  

e(ko - 1)  . . . e(ko 

+ 1) 

' . . . e(K - 

22 



hp - - - c =  - n =  

An es t ima te  of  h can  then  be made, us ing   s tandard  least  squares ,  by t h e  
f ormu 1 a “I? 

We shou ld   po in t   ou t   t ha t   t he   ma t r ix   t o   be   i nve r t ed ,  E E ,  contains   terms T 

t h a t   r e p r e s e n t   d i s c r e t e  measu remen t s   o f   t he   au tocor re l a t ion   func t ion   Ree (~) ,  
and t h a t   t h e   v e c t o r  E c con ta ins   t e rms   t ha t   r ep resen t   d i sc re t e  measurements 
of   the   c ross -cor re la t ion   func t ion   Rec(T) .  For  i n s t a n c e ,   t h e   v e c t o r  ET, can 
be   wr i t t en   i n   t e rms   o f   t he   c ros s -co r re l a t ion   func t ion   a s  

T 

E c =  T 
- 

k=ko 
/ L  
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Use of a Time S h i f t   i n  Computer Processing 

The time s h i f t  X i s  in t roduced   i n to   t he   compute r   p rocess ing   by   sh i f t i ng  
the   i npu t   da t a   e (k )  a d i s c r e t e  number o f   t i m e   s h i f t s  L ,  where X = L A t .  
The l i n e a r   p i l o t  model is then  expressed as 

c(k)  = A t  hp(L + m)e(k - m - L) + n(k)  (A6 1 f 
m= o 

This  form  assumes  that   the  impulse  response hp is  z e r o   f o r   t i m e   l e s s   t h a n  
A .  This form a l s o  assumes a memory time of  t m  = h + M A t .  For t h e   r e s u l t s  
i n   t h i s   r e p o r t ,  M = 9 and A t  = 0.05 sec.   (Larger   values   of  M were a l s o  
t r i e d   w i t h  no s i g n i f i c a n t  changes i n   t h e   r e s u l t s . )  

Using the  least-squares   formulat ion,   the   impulse  response  funct ion  of   the 
p i l o t  was determined  by  the  following matrix inve r s ion  on a d ig i ta l   computer :  

= ( A t ) -  

- 

f e Z ( k - L )  

k=ko  

f e ( k - 1 - L ) e ( k - L )  

k=ko 
2 

c e (k-M-L)e (k-L)  

k=ko 

f e ( k - L ) e ( k - 1 - L )  . . . f e (k-L)e (k-M-L)  
k=ko k=ko 

K K 

d 

e 2 ( k - 1 - L )  . . . 1 e ( k - 1 - L ) e ( k - M - L )  
L 
k=ko   k=ko  

e (k -M-L)e (k-1 -L)  , . . e2 (k-M-L) 
k=ko  k=ko 

e ( k - L ) c ( k )  

e ( k - 1 - L ) c ( k )  

f e ( k - M - L ) c ( k )  

k = k o  
L 

This time domain s o l u t i o n  was fur ther   t ransformed  in to   the   f requency  domain 
us ing   the   fo l lowing   approximat ion   for   the   Four ie r   t ransform:  

M 
A 

Yp(jw) = e - L  A t j w  A t  1 Gp(L  + m)e -m A t j w  

R e d u c t i o n   i n   I d e n t i f i c a t i o n  Error  With Time S h i f t  

I n   o r d e r   t o  show, us ing  time domain a n a l y s i s ,   t h a t   t h e   t i m e   s h i f t  X 
r e d u c e s   t h e   i d e n t i f i c a t i o n   e r r o r ,  we can write equat ion (A4) as 

h 

kp = kp + [ ETE] - ET, - - 
e r r o r  
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The i d e n t i f i c a t i o n   e r r o r ,  shown above i n   v e c t o r  form, i s  due t o   t h e   c o r r e l a -  
t ion   o f   e (k)   wi th  n (k) . The t e r m s   i n   t h e   v e c t o r  ETn can  be  regarded as 
d i sc re t e   va lues  of t he   c ros s -co r re l a t ion   func t ion  Re;(.). 

E n =  T 
- 

f e(k - M)n(k) 

k=ko 

M 

If R e n ( ~ )  i s  nonzero f o r  T > 0,  then  the  terms Ren(m), m 2 0 ,  w i l l  be  non- 
zero and t h e r e  w i l l  b e  an i d e n t i f i c a t i o n   e r r o r .  

E n =  T 
- 

e (k - L)n (k) 

<=ko 

f e(k  - 1 - L)n(k) 

k=ko 

Now, in t roducing  a d i s c r e t e  number of t i m e   s h i f t s  L,  such as u s e d   i n  
equat ion ( A 7 ) ,  t h e   v e c t o r  ETn - becomes - 

e (k  - M - L)n(k) 

k=ko - J 

M 

I - 
We can see t h a t   t h i s   u s e   o f   t h e  time s h i f t  removes the   t e rms  Ren(m), 

0 2 m < L ,  and  adds the   t e rms  Ren(m), M < m - < M + L.  The terms t h a t  are 
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added. gene ra l ly  are smaller t h a n   t h e  terms removed; t h u s ,   t h e   u s e   o f  a time 
s h i f t  L,  o r  t he   equ iva len t  X ,  r e d u c e s   t h e   i d e n t i f i c a t i o n   e r r o r .  (Time s h i f t -  
i ng  w i l l  n o t   s i g n i f i c a n t l y  a l te r  t h e   m a t r i x  ETE.)  F u r t h e r   n o t e   t h a t   t h e  
i d e n t i f i c a t i o n   e r r o r  w i l l  be   zero  i f  Ren(m) is z e r o   f o r   v a l u e s   o f  m 2 L. 

Computer Processing With Data Bias 

The d a t a   c ( k )  and e (k )   ob ta ined   f rom  rou t ine   f l i gh t  tests w i l l  u sua l ly  
conta in  some type   o f   long- te rm  var ia t ion   about  which t h e   s h o r t - p e r i o d  dynamics 
a r e   t o   b e   e s t i m a t e d .   ( S e e ,   f o r   i n s t a n c e ,   t h e   f l i g h t - t e s t   d a t a   i n   f i g .  1 2 . )  
There may be  a b i a s  o r  d r i f t   i n   e (k )   because   o f   i n s t rumen ta t ion   e r ro r s  o r  
b e c a u s e   t h e   p i l o t  may be   cont ro l l ing   about  some nonzero  value.  There may be 
b i a s   i n   c (k )   because   o f   i n s t rumen ta t ion   e r ro r s  o r  b e c a u s e   t h e   p i l o t  must hold 
some nonze ro   o f f se t   w i th   t he   con t ro l l e r   ( e .g . ,  i f  t h e   v e h i c l e  i s  out   o f   t r im) .  
I n   t h e   a n a l y s i s   o f   t h e   f l i g h t - t e s t   r e c o r d s   f o r   t h i s   r e p o r t ,  a b ias   t e rm and a 
d r i f t   t e r m  were  added to   t he   fo rego ing   fo rmula t ion  s o  t h a t  

c (k)  = bo + b l k  A t  + A t  c hp(L + m)e(k - L - m) + n(k)  

m= o 
n h 

The e s t ima ted   cons t an t   b i a s  term bo   and   e s t ima ted   d r i f t  term b l ,   a l o n g  
wi th   the   es t imated   impulse   response   func t ion  G,(m) , were determined  by  the 
l ea s t - squa res   so lu t ion .   Th i s  new fo rmula t ion   r equ i r ed   t he   i nve r s ion   o f  an 
M + 3 square   mat r ix   ins tead   of   the  M + 1 square   mat r ix  shown p r e v i o u s l y   i n  
equat ion (A7) .  
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APPENDIX B 

IDENTIFICATION OF THE PILOT/CONTROL DESCRIBING FUNCTION 

The desc r ib ing   func t ion   o f   t he   p i lo t / con t ro l   combina t ion   has   been   u sed  
ex tens ive ly   ( e .g . ,  r e f .  1) t o   a n a l y z e   t h e   c l o s e d - l o o p  dynamics  of  piloted 
sys t ems .   Th i s   append ix   i l l u s t r a t e s   t he   u se   o f   t he   t echn ique   ou t l i ned   i n   t h i s  
r e p o r t   t o   i d e n t i f y   t h e   p i l o t / c o n t r o l   d e s c r i b i n g   f u n c t i o n .   T h i s   i l l u s t r a t i o n  
w i l l  use   the  Gemini d a t a   p r e s e n t e d   p r e v i o u s l y   i n   f i g u r e  1 2 .  

The d e s c r i b i n g   f u n c t i o n   q X ( j u )   t o   b e   i d e n t i f i e d  i s  shown i n   r e l a t i o n s h i p  
t o   t h e   p i l o t  and the   con t ro l   sys t em  in   f i gu re  15. This   descr ib ing   func t ion  

r - - - - - l  
PllOt 

I L - - - - - J  I 
Estlmote Y, 

h I """ 
7 

F i g u r e  15 . -  T h e   t e c h n i q u e   f o r   i d e n t i f y i n g   t h e   p i l o t / c o n t r o l   d e s c r i b i n g   f u n c t i o n  

was measured  between t h e   a t t i t u d e   e r r o r   s i g n a l   e ( t )  and t h e   a t t i t u d e   r a t e  
s i g n a l   $ ( t ) .  The Bode p lo t s   ob ta ined  from t h e s e   d a t a   a r e   p r e s e n t e d   i n  
f igure  16.   Curves  of   the   es t imated  descr ibing  funct ion Yx(jw) a r e  shown f o r  
h = 0 and 0 . 7  s e c .  Also shown f o r  comparison i s  the  Bode p l o t   f o r   t h e   n e g a -  
t ive   inverse   o f   the   feedback   pa th ,  - j w .  The t h e o r y   p r e d i c t s   t h a t ,   f o r  X = 0 ,  
the   es t imated   descr ib ing   func t ion  will i d e n t i f y  - jw   because ,   i n   t h i s  case, 
t h e r e   a r e  no d i s tu rbances   ex te rna l   t o   t he  measured desc r ib ing   func t ion .  As 

p i l o t / c o n t r o l   d e s c r i b i n g   f u n c t i o n   r e q u i r e d   o n l y  a s ingle   channel  of recorded 
da ta .  The ou tpu t   s igna l   u sed   i n   t he  computer  processing was the   recorded  yaw 
r a t e ,   $ ( t ) .  The i n p u t   s i g n a l  was a l so   de te rmined   f rom  th i s  same recorded 
d a t a  as 

1 

- . -  i - . . _ - .  ." ~ ... . ~ . 

1It i s  i n t e r e s t i n g   t o   o b s e r v e   t h a t  t h e  i d e n t i . f i c a t i o n   o f   t h e  

t 
e ( t )  = -s $(T)dT + b i a s  + d r i f t  

0 

where t h e  unknown b i a s  and d r i f t  are accounted   for   by   the  method shown i n  
appendix A. 
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Figure 16.- Identification  of  pilot/control 
describing  function. 

shown i n   f i g u r e   1 6 ,   t h e   c u r v e   f o r  
X = 0 e s sen t i a l ly   co inc ides   w i th   t he  
curve   for  - j w .  

For  increasing  values   of  X ,  t h e  
e s t ima ted   desc r ib ing   func t ion   t ends  
away from the   curve   o f  - j w .  Any 
va lue   o f  A between 0 . 4  and 1.0 sec 
r e su l t ed   i n   app rox ima te ly   t he  same 
Bode p l o t  as shown f o r  X = 0 . 7  s ec .  
The e s t ima ted   desc r ib ing   func t ion  can 
be  approximated  by a descr ibing  func-  
t i on   w i th  a cons tan t   ga in  K, and a 

time de lay  -rx; Yx(jw) = x , - T x j w  
The e s t ima ted   va lues   fo r  T~ a r e  
p r e s e n t e d   i n   f i g u r e  17 f o r   s e v e r a l  
values   of  X .  We can s e e   t h a t  X i s  
e q u a l   t o   t h e   e s t i m a t e d  T~ a t  
X M 0 .7   s ec ,  so  X = 0 . 7  s e c  was 
s e l e c t e d   f o r   t h i s   a n a l y s i s .  

,. 

1.0 

.8 

" 
W 

.6 
c 
73 
W 

0 
- 
i .4 
W 

,. 
From the  es t imate   Yx(jw),  we 

can  determine  the  descr ibing  funct ion 
for  pi!o;/controlled  element  combina- 
t i o n ,  YpYc(jw). The descr ibing  func-  

,. 
- / t i o n  Y, can  be combined wi th   the  

/ i n t e g r a t i o n ,  l / j w ,  as shown i n  
/ f i g u r e   1 5 ,   t o   o b t a i n  

qPqc (jw) = 

- 

Px ( j  w> 

- / j w  
/ 

/ 
- / 

/ 
/ 

For t h e   r e s u l t s  from f igu re   16 ,   t he  
e s t ima ted   desc r ib ing   func t ion  i s  

q X ( j u )  = 1 . 3 e  - 0 . 7 j w  s o  t h a t  

1.3e -0.7jw 
i. ? (jw) w P C  jw 

0 .2  .4 .6 .a I .o 
Tlme shtft,  X .  sec This   resu l t   appears   reasonable .  From 

previous   s tud ies   such  as re ference  1, 
Figure 17.- Comparison of estimated T~ with a .  it has  been shown t h a t   f o r  a v a r i e t y  

e - ~ x j w  
o f   con t ro l l ed   e l emen t s   t he   p i lo t  w i l l  con t ro l  s o  t h a t  Y Y ( jw)m 

This  form i s  t h e  same as f o u n d   i n   t h e   a c t u a l   f l i g h t   r e s u l t s .  The ac tua l   va lue  
for   the   ga in   (a   c rossover   f requency ,  K,, of 1 .3   rad /sec)  i s  lower  than  pre- 
d i c t e d   i n   r e f e r e n c e  1 a n d   t h e   v a l u e   f o r   t h e   e f f e c t i v e  time delay (-rX M 0 . 7  s ec )  

X 
P C  j w  
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is  h ighe r   t han   p red ic t ed   i n   r e f e rence  1. Again, i t  is reasonable   to   expec t  
( s ee   r e f s .  10  and  13) t h a t   t h e s e   d i f f e r e n c e s   c a n   b e   a t t r i b u t e d   t o   t h e   f a c t  
t h a t   i n   r e f e r e n c e  1, t h e   p i l o t  was con t ro l l i ng   on ly  a s imple   s ing le-ax is  t a s k ,  
w h e r e a s ,   f o r   t h e   a c t u a l   f l i g h t   d a t a ,   t h e   p i l o t  was con t ro l l i ng   abou t   t h ree  
axes  and  monitoring  the  complete  instrument  panel. 
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